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Abstract
In response to the replication crisis in science, a group of prominent
scholars has proposed redefining statistical significance by reducing
the p-value significance threshold from 0.05 to 0.005. Rather than
solving the replication problem, I show that lowering the significance
threshold can increase the rate of false positives by creating a negative
selection effect. Thus, redefining statistical significance may not be a
silver bullet for solving the replication crisis.
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Introduction

The low success rate of replication studies in the social (Open Science Collaboration, 2012; Camerer et al., 2016, 2018), biological (Bogdan et al., 2017),
and medical (Prinz, Schlange and Asadullah, 2011) sciences has been seen
as a threat to the credibility of the scientific enterprise. Responding to this
crisis in replication, a large group of prominent scientists and statisticians
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has called for a reduction in the p-value significance threshold from its conventional level of 0.05 to 0.005 (Johnson, 2013; Benjamin et al., 2018). This
higher evidential burden is supposed to lower the false positive rate—the
rate at which claimed discoveries are in fact untrue—thereby improving reproducibility.
However, this argument ignores the ways in which studies can differ in
their propensities to produce false positives. This turns out to be important.
In this article, I show that lowering the significance threshold, as has been
proposed, can increase the false positive rate through what I call “negative
selection.” Negative selection occurs when lowering the significance threshold leads to a greater proportion of significant outcomes being produced by
studies with the highest false positive rates.
A clear example of negative selection is found by considering methodological bias, whereby, features in the design and execution of studies tend
to produce significant findings when they should not have been produced
(Ioannidis, 2005; Simmons, Nelson and Simonsohn, 2011; John, Loewenstein
and Prelec, 2012; Gelman and Loken, 2014). In this case, an unintended
consequence of lowering the significance threshold is that the proportion of
significant outcomes that are the result of bias increases. As a result, either
the reduction to the false positive rate will be mitigated or it will increase.
A number of authors have expressed their own concerns with the proposal (Gelman and Robert, 2014; Amrhein and Greenland, 2018; McShane
et al., 2018; Matthews, 2018; Trafimow et al., 2018; Lakens et al., 2018; Stahl
and Pickles, 2018; Perezgonzalez and Frı́as-Navarro, 2017). While these authors vary in their points of emphasis and dispute certain details, there are
several common threads. Firstly, there is an expressed distrust in selecting
a single “universal” significance threshold to arbitrate scientific discoveries.
Recommended alternatives are to tailor the threshold for the setting at hand
(Lakens et al., 2018) or to abolish the reliance on thresholds altogether (Gelman and Robert, 2014; Trafimow et al., 2018; McShane et al., 2018; Amrhein
and Greenland, 2018). More specific to the proposal, it has been suggested
that lowering α will exacerbate misinterpretations of p-values that currently
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plague research and exaggerate the focus on single p-values at the expense
of other evidential factors (Amrhein and Greenland, 2018; Trafimow et al.,
2018).

2

Negative Selection

We begin with a simple illustration of negative selection with an adaptation
of a classic model of bias in science (Ioannidis, 2005; Maniadis, Tufano and
List, 2014). This illustration expands on the model presented in the proposal
(Benjamin et al., 2018) to permit some studies to follow unsound research
practices. The basic idea is that reducing the significance threshold makes it
harder for a sound study to obtain significance, increasing the proportion of
significant outcomes that are unsound, and thus driving up the false positive
rate. This is followed by a general discussion of negative selection.

2.1

Example: Bias in Research

Consider a unit mass of independent studies.1 In each study, a researcher
conducts a hypothesis test between a pair of null (H0 ) and alternative (H1 )
hypotheses. Let φ ∈ (0, 1) denote the proportion of null hypotheses that are
true. The outcome of a study is significant if the hypothesis test yields a
p-value less than the significance threshold α. A false positive occurs when a
hypothesis test yields a significant outcome when the null is in fact true and
the false positive rate is equal to the number of false positives divided by the
total number of significant outcomes. In the large population limit, this is
R(α) = P r (H0 |signficant, α) =
1

P r (significant, H0 |α)
.
P r (significant|α)

Assuming a unit mass of studies characterizes the large population limit. Alternatively,
one can introduce the addendum to each statement “as the number of studies goes to
infinity almost surely.”
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Methodological bias leads a positive fraction λ of studies to report a significant outcome even when it should not have been. Refer to these as unsound
studies.2 The remaining 1 − λ of studies are sound, producing α type I and
β(α) type II error rates at significance threshold α. The statistical power
of a sound study 1 − β(α) = P r(p ≤ α|H1 ) decreases with a reduction in
α. To ensure smaller p-values constitute stronger evidence against the null
than larger p-values, assume the density of p-values to be strictly decreasing
under the alternative. Under these conditions, the false positive rate can be
expressed as
R (α) = w (α) Ru (α) + (1 − w (α)) Rs (α)
where Ru (α) and Rs (α) are the false positive rates for unsound and sound
λ
is the fraction of significant outstudies and w (α) = λ+(1−λ)(φα+(1−φ)(1−β(α)))
comes that are produced by an unsound study. The false positive rate is thus
a weighted average of the false positive rates for the individual types, with
the weights endogenously determined by α. The bias in unsound studies ensures that they produce a higher rate of false positives (Ru (α) > Rs (α) for
all α < 1) and that this difference Ru (α) − Rs (α) increases with a reduction
in α.
Reducing the significance threshold produces two effects. Firstly, there is
the desirable effect of reducing the false positive rate for sound studies. This
is seen by writing
φα
=
Rs (α) =
φα + (1 − φ) (1 − β (α))



1 − φ 1 − β (α)
1+
φ
α

−1
(1)

and noting that, as the density of p-values under the alternative is strictly
increases with a reduction in α.
decreasing, the ratio 1−β(α)
α
The second effect is negative selection: reducing α increases the propor2

A more straightforward interpretation of this example is that all studies have bias:
an insignificant outcome is misreported as significant with probability λ, as in Ioannidis
(2005) and Maniadis, Tufano and List (2014). However, the interpretation we follow is
useful for characterizing negative selection.
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tion of significant outcomes that are unsound w (α). Because unsound studies
produce a higher rate of false positives Ru (α) > Rs (α), negative selection increases the overall false positive rate. This immediately implies that ignoring
negative selection by treating w (α) as fixed exaggerates the reduction in the
overall false positive rate. Furthermore, when the difference between Ru (α)
and Rs (α) is large enough (when α is small), negative selection dominates
the first effect leading to an increase in the overall false positive rate. We
formally state this finding in the following proposition which is illustrated by
figure 1.
Proposition 1. For any λ ∈ (0, 1), there exists α∗ ∈ (0, 1) such that lowering the significance threshold α increases the false positive rate if α < α∗ .
Proof.See appendix.
R(α)

α

Figure 1: False positive rate R(α) as a function of the significance threshold
α when there is positive bias λ > 0.
Thus, in the presence of negative selection, either redefining statistical
significance will be harmful or its benefits mitigated. It is worth noting
that this analysis implicitly assumes that reducing the significance threshold
is not accompanied by efforts to increase statistical power (e.g. increasing
sample sizes), for which the proponents of the policy also advocated. In
considering implementing both measures, this result suggests that ignoring
negative selection will overstate their combined effect. Moreover, a larger
benefit might be seen by efforts to increase power alone.
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2.2

Discussion

While bias in research is a particularly clear and empirically relevant source
of negative selection, the effect should be understood as a general property of
the false positive rate when there is heterogeneity among studies. Consider
the case where there are many types of studies (indexed by t) that vary in
prior chances, statistical power, researcher preferences, or capacity to exercise
degrees of freedom. Again, by assuming the large population limit, the false
positive rate can be conveniently expressed as
R(α) =

X

wt (α)Rt (α)

t

where Rt (α) = P r(H0 |signficant, α, t) is t’s false positive rate and wt (α) =
P r (t|significant, α) is the fraction of significant outcomes that are of type
t. It is clear from this expression that even if reducing α decreases each
Rt (α), the change in R(α) will depend on wt (α). If the same factors that
lead certain studies to produce higher rates of false positives Rt0 (α) > Rt (α)
also lead them to be less sensitive to changes in the significance threshold
wt0 (α0 ) − wt0 (α) > wt (α0 ) − wt (α), then negative selection will be present.
See appendix A.2 for a general characterization of negative selection.
In closing, it is not clear what the path toward a more reliable science
will entail, whether it be more stringent statistical requirements, increased
adoption of Bayesian methods, further proliferation of preregistration, or
even more radical changes. What is clear is that proposed measures to treat a
problem of this import deserve rigorous scrutiny. A challenge for future work
is to carefully analyze the various proposed actions in light of the complexities
of actual research. Solutions that fail to do this are likely to be less effective
or, as we have seen in this article, exacerbate the problem.
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A

Appendix

A.1

Proofs for Main Text

is decreasing in α. By definition,
Begin by verifying that the ratio 1−β(α)
α
p-values are uniformly distributed between 0 and 1 under the null. Let 1 −
β(α) = P r(p ≤ α|H1 ) be the CDF of p-values under the alternative so that
(1 − β (α))0 is the density. By assumption, the density of p-values under the
alternative hypothesis is decreasing (1 − β (α̃))0 > (1 − β (α))0 for α̃ < α. An
implication of this assumption is
Z

α

Z

0

(1 − β (p)) dp >

1 − β (α) =

α

(1 − β (α))0 dp = (1 − β (α))0 α

0

0

which further implies that the ratio

1−β(α)
α



1 − β (α)
α

0
=

is decreasing in α

(1 − β (α))0 α − (1 − β (α))
< 0.
α2

Proof of Proposition 1. We want to show that for λ ∈ (0, 1), R (α) is
∗
decreasing
 up to some point α and increasing thereafter. Differentiating

R(α) = 1 +

1−φ
φ

·

λ+(1−λ)(1−β(α))
λ+(1−λ)α

−1

yields R0 (α) with the same sign as



h(α) ≡ −λ (1 − β (α))0 − 1 − (1 − λ) α (1 − β (α))0 − (1 − β (α)) .
Upon differentiating, h0 (α) = − (λ + (1 − λ) α) (1 − β (α))00 ≥ 0. Noting
that lim+ h(α) < 0 and lim− h(α) > 0 whenever λ ∈ (0, 1) completes the
α→0
α→1
proof.

A.2

General Characterization of Negative Selection

This section provides a general characterization of negative selection. Suppose there are many different types of studies t ∈ T that vary in prior chances,
statistical power, researcher preferences, or capacity to exercise degrees of
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freedom. Types are distributed according to probability measure µ with
probability space (T, Σ, µ). Continue assuming that the population is comprised of a unit mass of studies. For the false positive rate to be well-defined,
we require the mapping t 7→ P r (significant, Hθ |α, t) to be measurable for all
α ∈ [0, 1] and θ ∈ {0, 1}. The false positive rate of each type of study
Rt (α) =

P r (significant, H0 |α, t)
P r (significant|α, t)

is assumed to be nondecreasing in α for all t ∈ T .3 Let η(D|α) be the
proportion of significant outcomes that are of a type in D ∈ Σ at significance
threshold α, and write
Z
R(α) =

Rt (α)dη(t|α).

For the formal definition of negative selection, define Bδ,α = {t ∈ T |Rt (α) >
C
δ} so that (Bδ,α , Bδ,α
) partitions types between those with the highest false
C
positive rates Bδ,α and those with the lowest false positive rates Bδ,α
.
Definition. Negative selection occurs when lowering the significance threshold from α to α0 increases the proportion of significant outcomes that are of
types with the highest false positive rates, that is, η(Bδ,α0 |α0 ) > η(Bδ,α |α) for
some δ ∈ (0, 1).
We now show that reducing the significance threshold increases the false
positive rate if and only if negative selection is strong enough to counteract the decrease in the false positive rates for the individual types Rt (α).
The condition for when this occurs will now be given, followed by a formal
statement of the result.
Condition 1.
η(Bδ,α0 |α0 ) − η(Bδ,α |α) > ψ(δ, α, α0 ) > 0

(2)

The precise form of ψ(δ, α, α0 ) is given in the proof that follows.
3

Absent this assumption, the potential for lowering the significance threshold to increase the false positive rate is trivial.
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Theorem 1. Reducing the significance threshold increases the false positive
rate if and only if negative selection satisfies condition 2.
Proof of Theorem 1. The measurability of Bδ,α is a consequence of the
measurability of t 7→ P r (significant, Hθ |α, t). Denote the conditional exC
pectations r(δ, α) ≡ E[Rt |Bδ,α , α] and s(δ, α) ≡ E[Rt |Bδ,α
, α]. Making the
condition in (1) explicit


0

ψ(δ, α, α ) =


r(δ, α) − s(δ, α)
s(δ, α) − s(δ, α0 )
−
1
η(B
|α)
+
.
δ,α
r(δ, α0 ) − s(δ, α0 )
r(δ, α0 ) − s(δ, α0 )

(3)

Expand the false positive rate
C
R(α) = r(δ, α)η(Bδ,α |α) + s(δ, α)η(Bδ,α
|α).

(4)

By (3) and (4)
sgn (R (α0 ) − R (α)) = sgn (η (Bδ,α0 |α0 ) − η(Bδ,α |α) − ψ (δ, α, α0 )) .

(5)

From (5), it follows that if condition 2 holds, then R(α0 ) > R(α). Going the
other direction, (5) shows that if R(α0 ) > R(α) then the first inequality in
condition 2 must hold. All that remains to be shown is, if R(α0 ) > R(α), then
the second inequality in condition 2 holds. That is, there exists δ satisfying
ψ(δ, α, α0 ) > 0.
To obtain a contradiction, assume ψ(δ, α, α0 ) ≤ 0 and thus η(Bδ,α0 |α0 ) ≤
η(Bδ,α |α) for all δ. Define ν(·|α) to be the measure induced on [0, 1] by the
mapping Rt (α) 7→ δ such that Rt (α) = δ . By assumption


0
C
C
ν ([0, δ] |α0 ) = η Bδ,α
≥ η Bδ,α
|α = ν ([0, δ] |α)
0 |α
for all δ, and thus ν(·|α) has first-order stochastic dominance over ν(·|α0 ).
By theorem A.81 in Schervish (1997)
Z
R(α) =

Z
Rt (α)dη(t|α) =

δdν(δ|α).
0
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1

R1
R1
By consequence of first-order stochastic dominance, 0 δdν(δ|α) ≥ 0 δdν(δ|α0 )
and thus R(α) ≥ R(α0 ) contradicting R(α) < R(α0 ).
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